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On Resource Pooling and Separation for LRU Caching

JIAN TAN, GUOCONG QUAN, KAIYI JI, and NESS SHROFF, The Ohio State University, USA

Caching systems using the Least Recently Used (LRU) principle have now become ubiquitous. A fundamental
question for these systems is whether the cache space should be pooled together or divided to serve multiple
flows of data item requests in order to minimize the miss probabilities. In this paper, we show that there is no
straight yes or no answer to this question, depending on complex combinations of critical factors, including,
e.g., request rates, overlapped data items across different request flows, data item popularities and their sizes.
To this end, we characterize the performance of multiple flows of data item requests under resource pooling
and separation for LRU caching when the cache size is large.

Analytically, we show that it is asymptotically optimal to jointly serve multiple flows if their data item sizes
and popularity distributions are similar and their arrival rates do not differ significantly; the self-organizing
property of LRU caching automatically optimizes the resource allocation among them asymptotically. Other-
wise, separating these flows could be better, e.g., when data sizes vary significantly. We also quantify critical
points beyond which resource pooling is better than separation for each of the flows when the overlapped
data items exceed certain levels. Technically, for a broad class of heavy-tailed distributions we derive the
asymptotic miss probabilities of multiple flows of requests with varying data item sizes in a shared LRU cache
space. It also validates the characteristic time approximation under certain conditions. These results provide
new insights on improving the performance of caching systems.
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1 INTRODUCTION

Caching systems using the Least Recently Used (LRU) principle are already widely deployed but
need to efficiently scale to support emerging data applications. They have very different stochastic
dynamics [17, 18, 28, 38, 40, 45, 46, 49, 61, 76, 82] than well-studied queueing systems. One cannot
apply the typical intuition of resource pooling for queueing, e.g., [15, 23, 52, 62, 80], to caching.
To serve multiple flows of data item requests, a fundamental question is whether the cache space
should be pooled together or divided (see Fig. 1) in order to minimize the miss probabilities (a.k.a.
miss ratios).

A request is said to “miss” if the corresponding data item is not found in the cache; otherwise
a “hit” occurs. For a web service each miss often incurs subsequent work at a backend database,
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Fig. 1. Flows served separately and jointly

resulting in overhead as high as a few milliseconds or even seconds [86]. A study on Facebook’s
memcached workloads shows that a small percentage of miss ratio on one server can trigger
millions of requests to the database per day [9, 88]. Thus, even a minor increase in the hit ratio can
significantly improve system performance. To further motivate the problem, we examine the cache
space allocation for in-memory key-value storage systems.

1.1 Background and current practice

In-memory cache processing can greatly expedite data retrieval, since data are kept in Random
Access Memory (RAM). In a typical key-value cache system, e.g., Memcached [1, 39], a data item
is added to the cache after a client has requested it and failed. When the cache is full, an old data
item has to be evicted to make room for the new one. This selection is determined by the caching
algorithm. Different caching algorithms have been proposed [60, 66]. However, due to the cost
of tracking access history, often only LRU or its approximations [83] are adopted [9]. The LRU
algorithm replaces the data item that has not been used for the longest period of time.

The current engineering practice is to organize servers into pools based on applications and data
domains [9, 27, 69]. On a server, the cache space is divided into isolated slabs according to data
item sizes [1, 88]. Note that different servers and slabs have separate LRU lists. These solutions
have yielded good performance [1, 31, 88], through coarse level control on resource pooling and
separation. However, it is not clear whether these rules of thumb are optimal allocations, or whether
one can develop simple solutions to further improve the performance.

1.2 The optimal strategy puzzle

These facts present a dilemma. On the one hand, multiple request flows benefit from resource
pooling. For example, a shared cache space that provides sufficiently high hit ratios for two flows
can improve the utilization of the limited RAM space, especially when the two flows contain
overlapped common data items so that a data item brought into cache by one flow can be directly
used by the other. On the other hand, resource separation facilitates capacity planning for different
flows and ensures adequate quality of service for each. For example, a dedicated cache space can
prevent one flow with a high request rate from evicting too many data items of another competing
flow on the same cache [9].

This dilemma only scratches the surface of whether resource pooling or separation is better for
caching. Four critical factors complicate the problem and jointly impact the cache miss probabilities,
including request rates, overlapped data items across different request flows, data item popularities
and their sizes. Depending on the setting, they may lead to different conclusions. Below we
demonstrate the complexity of the optimal strategy using three examples, showing that resource
pooling can be asymptotically equal to, better or worse than separation, respectively. Consider two
independent flows (1 and 2) of requests with Poisson arrivals of rates v; and v,, respectively. The
data items of the two flows do not overlap and have unit sizes unless explicitly specified. Their
popularities follow truncated Zipf’s distributions, pgl) = ¢;/i" and pj(.z) =¢/j*,1 <i,j <N,
where i, j are the indeces of the data items of flow 1 and 2, respectively. For pooling, two flows
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share the whole cache. For separation, the cache is partitioned into two parts using fractions u
and ug, to serve flow 1 and 2 separately, u; + uz = 1, uy,uz > 0.

Case 1: Asymptotic equivalence

The optimal resource separation scheme has recently been shown to be better than pooling [29]
under certain assumptions based on the characteristic time approximation [28, 38]. However, it
is not clear whether the difference is significant or not, especially when the cache size is large (a
typical scenario). The first example shows that they can be quite close. Notably resource pooling is
self-organizing and need not optimize separation fractions u;. For &y = 1.5, a2 = 4.0, v; = 0.1, v, =
0.9, N = 10°, we plot the overall miss ratios under resource pooling and the optimal separation in
Fig. 2, respectively. The optimal ratio u; for separation is obtained numerically by an exhaustive
search. When the cache size is small, the optimal separation strategy achieves a lower miss ratio
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Fig. 2. Asymptotically equal miss ratios

than resource pooling. However, for large cache sizes, the miss ratios are indistinguishable. This is
not an coincidence, as shown by Theorem 4.1. Note that the cache sizes take integer values, thus u;
varying up and down.

Case 2: Pooling is better

The previous example shows that resource pooling can adaptively achieve the best separation
fraction when the cache space is large. Consider two flows with a; = ay = 2, N = 10° and time-
varying Poisson request rates. For T = 10%, let v; = 0.1, v, = 0.9 in the time interval [2kT, (2k +1)T)
and v; = 0.9,v; = 0.1in [(2k + 1)T, (2k + 2)T), k = 0,1,2,---. The simulation results in Fig. 3
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Fig. 3. Benefits of pooling due to self-organization

show that resource pooling yields a smaller miss probability, which primarily attributes to the
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self-organizing property characterized by Theorem 4.1. Specifically, resource pooling can adaptively
achieve the optimal overall miss ratio after an adjustment period in each interval [kT, (k + 1)T),
k =0,1,2,---, while a static separation method cannot always be optimal. The optimal static
separation ratio in this case is u; = 0.5 due to symmetry.

Case 3: Separation is better

Assume that the data items from flow 1 and flow 2 have different sizes 1 and 4, respectively, with
N =10%a; = a; = 2,v; = v, = 0.5. The simulation results in Fig. 4 show that the optimal
separation yields a better performance due to varying data item sizes, which is supported by
Theorem 4.1. This may explain why in practice it is beneficial to separate cache space according to
applications, e.g., text and image objects, which could have significantly different item sizes [69, 87].
What if the data item sizes are equal? Fig. 2 is an example that separation is better when the cache
space is small even with equal data item sizes. However, a small cache may not be typical for
caching systems.
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Fig. 4. Benefits of separation due to isolation

These examples motivate us to systematically study the miss probabilities for competing flows
with different rates, distributions, and partially overlapped data items of varying sizes. Our analytical
results can be used to explain the puzzling performance differences demonstrated in the previous
three examples.

1.3 Summary of contributions

(1) An analytical framework under the independent reference model (IRM) [32] is proposed to
address four critical factors for LRU caching: request rates, distributions, data item sizes and the
overlapped data items across different flows. We derive the asymptotic miss probabilities of multiple
flows of requests with varying data item sizes in a shared LRU cache space for a broad class of
heavy-tailed distributions, including regularly varying distributions and heavy-tailed Weibull.
These asymptotic results validate the characteristic time approximation [28, 38] under certain
conditions.

(2) Based on the miss probabilities for both the aggregated and the individual flows, we provide
guidance on whether multiple competing flows should be served together or not. First, we show that
when the flows have similar distributions and equal data item sizes, the self-organizing property of
LRU can adaptively search for the optimal resource allocation for shared flows. As a result, the
overall miss probability of the aggregated flows is asymptotically equal to the miss probability
using the optimal static separation scheme. In addition, if the request rates of these flows are
close, the miss probabilities of individual flows when served jointly differ only by a small constant
factor compared to the case when they are served separately. Otherwise, either some of the request
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flows will be severely penalized or the total miss ratio will become worse. In that case, it is better
to separately serve them. Second, we consider multiple flows with overlapped data. When the
overlapped data items exceed a certain level, there exists a region such that every flow can get a
better hit ratio. However, if not in this region, e.g., when the arrival rates are very different, some
flows will be negatively impacted by other competing flows. Based on the analysis, we discuss
engineering implications.

(3) Extensive simulations are conducted to verify the theoretical results. We design a number of
simulations, with different purposes and emphases, and show an accurate match with theoretical
results.

1.4 Related work

LRU caching is a self-organizing list [2, 3, 5, 21, 22, 37, 51, 53, 73] that has been extensively studied.
There are two basic approaches to conduct the analysis: combinatorial and probabilistic. The first
approach focuses on the classic amortized [16, 24, 75, 78, 79] and competitive analysis [8, 25, 30, 55,
63]. The second approach includes average case analysis [4, 67, 77] and stochastic analysis [14, 35,41~
43, 68]. When cache sizes are small, the miss probabilities can be explicitly computed [10-12, 50].
For large cache sizes, a number of works (e.g., [17, 44, 48, 61, 74]) rely on the characteristic time
approximation [28, 38], which has been extended to cache networks [17, 44, 47, 48, 64, 76]. For
fluid limits as scaling factors go to infinity (large cache sizes), mean field approximations of the
miss probabilities have been developed [49, 54, 84]. For emerging data processing systems, e.g.,
Memcached [1], since the cache sizes are usually large and the miss probabilities are controlled to be
small, it is natural to conduct the asymptotic analysis of the miss probabilities [56—-59]. Although the
miss ratios are small, they still significantly impact the caching system performance. Nevertheless,
most existing works do not address multiple competing request flows on a shared cache space,
which can impact each other through complicated ways.

Workload measurements for caching systems [6, 7, 9, 26, 33, 36, 65] are the basis for theoretical
modeling and system optimization. Empirical trace studies show that many characteristics of Web
caches can be modeled using power-law distributions [7, 89], including, e.g., the overall data item
popularity rank, the document sizes, the distribution of user requests for documents [6, 13, 26, 65],
and the write traffic [89]. Similar phenomena have also been found for large-scale key-value
stores [9]. These facts motivate us to exploit the heavy-tailed workload characteristics.

Web and network caching is closely related to this study with a large body of dedicated works;
see the surveys [71, 85] and the references therein. Recently a utility optimization approach [29, 34]
based on the characteristic time approximation [17, 28, 38] has been used to study cache sharing and
partitioning. It has concluded that under certain settings the optimal resource separation is better
than pooling. However, it is not clear whether the difference is significant or not, especially when
the cache size is large for a typical scenario. We show that a simple LRU pooling is asymptotically
equivalent to the optimal separation scheme under certain settings, which is significant since the
former is adaptive and does not require any configuration or tuning optimization. We focus on the
asymptotic miss probabilities for multiple competing flows, as the miss ratio is one of the most
important metrics for caching systems with large cache sizes in practice.

2 MODEL AND INTUITIVE RESULTS

Consider M flows of i.i.d. random data item requests that are mutually independent. Assume that
the arrivals of flow k follow a Poisson process with rate Ay > 0,1 < k < M. The arrivals of the
mixed M request flows occur at time points {7,, —00 < n < +o00}. Let I, be the index of the flow for
the request at 7,,. The event {I,, = k} represents that the request at 7, originates from flow k. Due
to the Poisson assumption, we have P[I,, = k] = A/ (3; 4;)-

Proc. ACM Meas. Anal. Comput. Syst., Vol. 2, No. 1, Article 5. Publication date: March 2018.



5:6 Jian Tan et al.

To model the typical scenario that the number of distinct data items far exceeds the cache size,
we assume that each flow can access an infinite number of data items. Formally, flow k accesses the

set of data items dgk), i=1,2,--+,0,1< k <M, from which only a finite number can be stored in
cache due to the limited capacity. Let sgk) denote the size of data item dgk). Note that it is possible,
and even common in practice, to observe d;k) = d](.g ) for flows k and g, where “=” means that the
two involved data items are the same. Therefore, this model describes the situation when data items
can overlap between different flows. For example, in Fig. 5, we have dil) = d;z), d;l) = dgz) and

Fig. 5. Data items overlap between two flows

dél) = d;z). Let R,, denote the requested data item at time z,,. Thus, the event {I,, = k,R,, = d;k)}

means that the request at time 7, is from flow k to fetch data item d;k). We also abuse the notation
for R, a bit and define P[Ry, > x | Iy = k] to be the probability that the request at time 7, is to
fetch a data item with an index larger than x in the ordered list (dgk), i=1,2,3,--- ) of flow k. The
ordering will be specified in the following part.

When the system reaches stationarity (Theorem 1 of [56]), the miss ratio of the system is equal
to the probability that a request Ry at time 75 = 0 finds that its asked data item is not kept in the
cache. Therefore, we only need to consider Ry in the following part. Due to multiple request flows,
we have two sets of probabilities for each flow. Flow k experiences the unconditional probabilities

PR =d™]| =p{®i=1.23 &)
and the conditional probabilities
P [RO = dl(k)|I0 = k] = qgk)’l = 1’ 29 39 e (2)

In general, qgk) can be very different from pgk), since the multiple request flows not only access
distinct data items, but also share common data items, as shown in Fig. 5. Note that we have

M
o= Y e [Ro=dPo =] ¥

Jj=1

where v; 2 P[I, = Jj]- When there are no overlapped data items across different flows, we have
pgk) = vkqgk). Specially, if there is only a single flow k, i.e., P[Iy = k] = 1, then qgk) = pl(.k) for all i.
For multiple request flows, they are coupled through (3), since a data item requested by flow k is
more likely to be found in the cache when it has recently been requested by other flows. In this
case, the usual belief is to pool these flows together, so that one flow can help the others to increase
the hit. However, if the fraction of overlapped data items is not significant enough, it is intuitively
inevitable that the help obtained from other flows on these common data items will be limited.
There have been no analytical studies to quantify the effects on how the overlapped data can help
different flows.

When studying flow k, assume that the data items dl(k) are sorted such that the sequence pgk)
(k)

is non-increasing with respect to i. Given (3), the sequence q;"’ is not necessarily non-increasing

by this ordering. The miss ratio depends on the popularities qﬁk) and pgk) ,i>21,1<k< M.
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Interestingly, it can be characterized by the following functional relationship @ (-) for flow k,
1 < k £ M, in a neighborhood of infinity,
1

ié“ “mwwryyam (4)
i=y

Note f(x) ~ g(x) means limy_, f(x)/g(x) = 1. The values in (4) are defined using reciprocals,
as both (Z‘ix’:y q(k))_1 and (p;k))_l take values in [1, ), in line with the condition that ®.(-) is

i
defined in a neighborhood of infinity. In the proof of Theorem 3.1, we show that this functional
relationship can be leveraged to characterize the asymptotic miss ratios explicitly. We consider the

following class of heavy-tailed distributions
. k), (k
lim g3 /g, = 1. (5)
It includes heavy-tailed Weibull distributions qflk) ~dexp (—cn%),c,d > 0,0 < a < 1, and Zipf’s
distributions qglk) ~c¢/n%*, c,a > 0.

It has been shown [41, 43, 56, 59] that the miss probability of LRU is equivalent to the tail of
the searching cost distribution under move-to-front (MTF). For MTF, the data items are sorted in
increasing order of their last access times. Each time a request is made for a data item, this data
item is moved to the first position of the list and all the other data items that were before this one
increase their positions in the list by one.

Definition 2.1. Define C, to be the summation of the sizes for all the data items in the sorted list
under MTF that are in front of the position of the data item requested by R, at time z,,.

If the cache size is x, then a cache miss under MTF, which is equivalent for LRU policy, can be
denoted by {C,, > x}. For a special case when the data item sizes satisfy sgk) = 1 for all k, i, the
event {C, > x} means the position of the data item in the list is larger than x under MTF.

For the M flows mixed together, let {d;,i = 1,2, - - - } denote the set of data items requested by
the entirety of these flows, with P[Ry = d;] = p;. Let s; denote the size of data item d; and assume

§ £ sup; s; < 0. In general, s; can take different values when data item sizes vary. Let M(n) denote

the total size of all the distinct data items that have been requested on points {r_;, 72, -+, 7_,}.
Define
m(z) = > s (1= (1=p))7) . (6)

i=0
We have m(n) = E[M(n)]. Since m(z) is strictly increasing, its inverse function m“ (z) exists and
is related to the characteristic time approximation [28, 38]. We can analytically derive m“ (z) in
some typical cases, as shown in Corollaries 3.3 and 3.5, which directly exploit the properties of the
popularity distributions, different from the characteristic time approximation.

One of our main results can be informally stated as follows; the rigorous version is presented in
Theorem 3.1. Recall a gamma function I' (S + 1) = fooo yPreYdy.

Miss ratio (informal description) For M flows sharing a cache, if ®r(x), 1 < k < M, is
approximately a polynomial function (= xPx ), then, under mild conditions, we obtain, when the cache
size x is large enough,

T(Be+1)

P[miss ratio of flow k] ~ m
k

(7)
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Based on this result, we derive the following engineering implications for M flows of data
item requests with qgk) ~c]i%, o > 1,1 <k <M.

o Asymptotically equal: For M flows of disjoint requests with identical item sizes, the overall
miss ratio achieved by resource pooling is asymptotically equal to that achieved by the
optimal separation method. This is referred to as the self-organizing behavior of resource
pooling (see Section 4.1).

e Separation is better: For M flows of disjoint requests with various item sizes, the optimal
resource separation achieves a lower overall miss ratio than resource pooling; see Section 4.1.

¢ Pooling is better: For M flows of disjoint requests with identical item sizes, if the statistics,
such as request rates, are time-varying, a static separation method cannot always achieve the
optimal overall miss ratio. However, due to the self-organizing behavior, resource pooling
adaptively adjusts to the optimal solution, as long as the statistics are relatively stable before
it converges. Moreover, if there are overlapped data items across these flows, resource pooling
can achieve a lower overall miss ratio than the optimal separation. Particularly, the asymptotic
miss ratio of each individual flow can be lower under resource pooling, if certain parameters
are in a good region as shown in Section 4.3.

Sketch of the proof: First, we derive a representation for the miss probability of the request Ry.
Similar arguments have been used in [46, 56] but we take a different approach. Among all the
requests that occur before 7y = 0 we find the last one that also requests data item Ry. More
formally, define —¢ to be the largest index of the request arrival before 7, such that R_, = Ry.
Conditional on {Ry = dgk)}ﬂ{lo = k}, the following requests R_;, R_5,R_3, - - - are i.i.d, satisfying
Pﬁﬁ=4”m%:¢%mm=kﬂ=¢Qj2mehmmm

Plo>nl{Ro=dP)n il = k] = (1-p)"

Thus, unconditional on Ry, we obtain, recalling (1) and (2),
k k
P[0'>n|lo— Zq( ) ( ) . (8)

Now we argue that the event {C; > x} is completely determined by the requests at the time
points {r_1,7_5,- - , 75 }. Recall that M(n) is the total size of all the distinct data items that have
been requested on points {zr_1,7_3, - - - , 7_p}. Define the inverse function of M(n) to be M (x) =
min{n : M(n) > x}. We claim that

{Co>x}={o>M"(x)}. ©)

If the event {o > M (x)} happens, the total size of the distinct data items requested on the time
interval (7_4, 0) is no smaller than x and these data items are different from the one that is requested
at time 7y (or 7_). Due to the equivalence of LRU and MTF, when R, arrives at 7y, all of the data
items requested on (7_,, 0) will be listed in front of it under MTF. Combining these two facts we
obtain {o > M (x)} C {Cy > x}. If {Cy > x} occurs, then after 7_, when Ry is listed in the first
position of the list, there must be enough distinct data items that have been requested on (z7_, 0)
so that their total size exceeds or reaches x. This yields {Cy > x} C {c > M~ (x)}, which proves (9)
and implies

P[Cy > x|l = k] =P[o > M™ (x)|Ip = k]. (10)
In order to compute P[o > M (x)|Iy = k], we take two steps. The first step is to show

Plo > nllp = k] = T'(fi + 1)/ Pk (n).
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The second step is to relate M (x) to m~ (x) as x — oo.
Here, we provide an intuitive proof for f; > 0. From (8), we have

O (k " N (K —np'®)
P[6>n|10=k]=2q5 )(l—pg )) zqu Je~npi | (11)
i=1 i=1

In order to approximate the summation (11) and obtain an explicit expression, we use the functional

relationship @ (-) for flow k introduced in (4). Combining (4) and (11), we have, for Q; = }72; q](.k),

P [0' > n|l = k] ~ i qgk)e—n/éZ((Z}’-’;iqﬁm)*l) _ i(Qi _ Qm)efn/cli(Q;l)
i=1 i=1

! —n/CD‘_ (x_l)
r e k dx = T (P + 1)/ Dk (n). (12)
0

For the second step, we have M(n) ~ E[M(n)] = m(n) with a high probability as n — co by a
concentration inequality. The monotonicity and continuity of m(n) imply M (x) ~ m“ (x) with a
high probability under certain conditions. Applying (10) and (12), we finish the proof

P[Cy > x|Iy = k] = P[o > M (x)|I, = k]
~Plo > m™(x)|p = k] = T(f + 1)/Pr (m™ (x)).

This result also provides a numerical method to approximate the miss probabilities. It makes
the computation feasible for complex settings, e.g., when the data sizes are correlated with the
popularity distributions. In practice, once we have the information about the data sizes s; and the
corresponding data popularities p;, e.g., from the trace, we can always explicitly express m(x),
since i only takes a finite number of values in this case. Then, we can evaluate m“ (x) numerically;
see Section 5. Explicit expressions for m“ (x) are derived for some cases in Section 3.1. Note that
m* (x) is tightly related to the characteristic time approximation [28, 38]; see Section 3.3.

3 MULTIPLE COMPETING FLOWS

In this section, we rigorously characterize the miss probability of a given request flow, say flow k,
when it is mixed with other competing flows that share the same cache in Section 3.1. In Section 3.2,
we provide a method to calculate m(x) for multiple flows based on a decomposition property.

3.1 Asymptotic miss ratios

The miss probability of flow k, for a cache size x, is represented by a conditional probability
P[Cy > x|lp = k]. Recall § = sup;s; < oo and that p; = P[Ry = d;] is defined for the mixed
flow. Note m(z) — oo as z — 0. By the theory of regularly varying functions [20], a function
I(x) : R* — R is slowly varying if for any A > 0, 1(Ax)/I(x) — 1 as x — oo; and ®(x) = xPI(x) is
called regularly varying of index f.

Assume that, for a function 0 < §(x) < 1ande > 0,

o omT((1+ed(x))x)
lim
xX—00 m< (x)

= f(e) with lim f(e) = 1. (13)

The function &(x) characterizes how fast m“ (z) grows, and thus §(x) should be selected to be as
large as possible while still satisfying (13). For example, when m(x) is regularly varying, e.g.,
m=(x) = xP, we can let §(x) = 1, implying f(¢) = (1 + €)?,g(e) = 0. When m“ (x) = e**,0 <
& < 1, we can pick §(x) = x7¢, implying f(e) = lim,_ e(x“xl_g)f/exf = ¢“?. Both satisfy
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lim._,o f(€) = 1. Note that in these examples §(x) satisfies the following condition: there exist
hy > hy > 0,hy > hz > 0 and xg, for x > x,

S(x) < by < S(x — €d(x))

3(x + e(x)) So)  he (14)

1 <

THEOREM 3.1. Consider M flows sharing a cache. Under assupmtions (5), (13) and (14), for Oy (x) ~

xPrli(x), 1 < k < M andlim, o log (m (x)) /(8%(x)x) = 0, we have, for B > 0 (when B = 0,
I (x) is eventually non-decreasing), as x — oo,

T(fr +1)
O (m=(x))

Theorem 3.1 is the rigorous version of the result described in (7). The proof is presented in
Section 7.2. This theorem assumes an independent reference model, but the result can be generalized
to dependent requests [72]; see also [59, 70, 81]. Based on Theorem 3.1, we can easily derive
some corollaries. We begin with the special case when there is only a single flow k in service
and all data items are of the same size s; = 1. For a single flow k, we simplify the notation by
P[Ry > x|ly = k] =P[Ry > x]and P[Cy > x|Iy = k] = P[Cy > x]. Theorem 3.1 recovers the results
in [56, 59] for Zipf’s law

P[Cy > x|l = k] ~ (15)

pl(k) = qfk) ~c/i% a> 1. (16)

Our result enhances (16) in three aspects. First, we study multiple flows (pgk) # qlk)) that can have
overlapped data items. The requested data items can also have different sizes. Second, we address
the case @ = 1 (then c needs to be replaced by [(i) as in (17)), and the results in [56, 59] assume
a > 1. For a < 1, we need to assume that only a finite number of data items are considered in
the popularity distribution; otherwise the distribution does not exist. Due to this difference, the
asymptotic result in (15) is accurate only for large x when @ > 1. However, the insights obtained in
this paper can be extended to the case 0 < a < 1 using the analytical results developed in [72];
see also [19, 57]. Third, our result can derive the asymptotic miss probability for a large class of
popularity distributions, e.g., Weibull with varying data item sizes. Corollary 3.2 extends the results
of Theorem 3 in [56] under the condition (16) to regularly varying probabilities

(k) ~10)/i% a > 1, (17)
with I(-) being a slowly varying function, e.g., [(x) = log x.

COROLLARY 3.2. Consider a single flow withs; = 1 andpgl) ~1()/i% a > 1. Let l;(x) = I(x) /¢
and lyy1 = L1 (x/ly(x)), n = 1. If I, (x) ~ ln,+1(x) as x — oo for some ny, then

. P[Cy>x] _ @

xh_r)r(}o PR ] (1-1/a) (T -1/a))*. (18)

Proor. First we provide a proof for the special case I[(x) = ¢, which was proved in Theorem 3
of [56]. The proof for a general I(x) is presented in Section 7.3.

Note that pfck) ~¢/x% and

1) I P ¢
PRy > x] = ) p| ftadt RSy (19)

i>x
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From (4), we obtian ®;(x) ~ (a — 1)c™"/%x'~1/# In addition, since
cz © cz
m(z) ~ Z (1 — exp (_1_“)) ~ f; (1 — exp (—t—a))dt
i1
~T(1-1/a)ct/ez"e,
we have the inverse m“(z) ~ z%/ (cI'(1 — 1/a)?%) . Picking §(x) = 1, it is easy to verify (14) and
limy e log m< (x)/8(x)2x = 0. Therefore, by Theorem 3.1, we obtain, as x — oo,
r2-1/a)r(1 -1/a)*t ¢
a—1 xa1’
Combining (20) and (19) finishes the proof. O

P[C() > X] (20)

COROLLARY 3.3. For a single flow with requests following a heavy-tailed Weibull distribution
Ek) ~ cexp (—i§>, 0 < & <1/3 ands; = 1, we have, for a Euler’s constanty = 0.5772- - -,

. P[Cy > x]
hm e ——
Xx—00 P[R() > x]

p
=ev. (21)

x£

Proor. Since ce™ is a decreasing function in x, we have

) g e =) o
ce ¥ dy < E cexp (—i¢ Sf ce ¥ dy. (22)
fx i=x ( ) x-1

Changing the variable z = y* and using the property of incomplete gamma function, we obtain

f ce_ygdy = f SV temgy o Exl_ge_x‘f, (23)
x xt & 3
which implies, for 0 < € < 1,
Op(x) ~ & (log(ex)) ¢ x. (24)
Using Lemma 6 in [56], we obtain
m~(z) ~ e_yezg/c. (25)

Picking 8(x) = x ¢ > 0, for 0 < & < 1/3, it is easy to verify limy_, log m* (x)/x72¢ = 0 and (14).
Combining (24) and (25), by Theorem 3.1, we derive

Y
€'C _g _,¢&
1§ex

P[C() > X] ~ ?x , (26)

which, using (22) and (23), proves (21). O

3.2 Decomposition property

For multiple request flows sharing a single cache space, instead of calculating p7, i > 1 and
deriving m(x) from (6), we prove a decomposition property that simplifies the computation of
m(x).Let P = (p;’,i > 1) be constructed from a set of distributions Q%) = (qgk),i > 1) according
to probabilities v, > V¢ = 1. Specifically, a random data item following the distribution P is
generated by sampling from the distribution Q®) with a probability vi. Since two flows ki, k;
Iy = kz] = 0. Therefore, according to (3),

have no overlapped data items, we have P [RO = dEkl)

(p;.’, i> 1) can be represented by an unordered list,

(g™ k+i=m).m=23.4,). (27)
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Let m(z) = X 72, si (1 - exp(—p;?z)). Lemma 3.4 shows a decomposition property for m(z) and
m(z) ~ m(z) under certain conditions. Let m¥)(z) = Yo sgk) (1 - (1 - qgk))z) and m®(z) =
Do sgk) (1 — exp (—qgk)z)). It is often easier to compute m®) (z) than m®) (z).
LEMMA 3.4. Without overlapped data items, if, for either g(x) = m®)(x) or g(x) = m® (x), we
have limy_,o g((1 + 8)x)/g(x) = f®(5),0 < § < 1 withlims_,g f*¥)(5) = 1, then, as z — o,
m®(z) ~ " (2), (28)
and

m(z) ~ Z A" (vez) ~ Z m® (viz) ~ m(z). (29)
k J

The proof of Lemma 3.4 is presented in Section 7. It can be used to compute m(x) for multiple
flows sharing the same cache. Applying Lemma 3.4 and Theorem 3.1, we derive the miss probability
for each flow in the following corollary.

CoOROLLARY 3.5. Consider M flows without overlapped data, satisfying P[Ry = d,((k)llo = k] ~
ck/x%,1 <k < MandP[l = k] = v, £1=1 vk = 1. Assume that the data items of flow k have
identical sizes, i.e. sgk) =s® i > 1. Fora; £ minj<p<, ax and S; = {k € Z|ay = a1,1 < k < M},
we have, fork € Sy,

F(Z— 1/(71) )/lal_l Ck

P[Co > X|I() = k] ~ 7 1
1 —

L La-1’
(vpcx)' " X9

and fork € 5;°,

r@e-1 G
P[Co > xllo = k] ~ 2-1/ax) n %

_1 ~ «
N (e R e
where
i =T(1=1/a@) ) s®(eem) ™. (30)
keS;

Proor. For flow k, 1 < k < n, we have
B (x) ~ (@ — e (vx)' 7%,

m® (z) ~ sOT(1 = 1/az) (crz) /.
Using the decomposition property of Lemma 3.4, m(z) is asymptotically determined by flows with
indices in Sy,
M

M
m(z) ~ 3 m® (&) ~ 3 sOT( = 1) (ervez) '

k=1 k=1

~ 3 s o) AT - 1a)z B~y
keS;

implying
m~(z) ~ zal/yfl. (31)

Now, by Theorem 3.1, we can prove the corollary after straightforward computations. O
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Corollary 3.5 approximates the miss probabilities for multiple flows with different oy when the
cache size x — co. When the cache size is small, this approximation is not accurate. One primary
reason is that the flows in $;¢ are not negligible when computing m(z) for a small z. In order to
improve the accuracy, we consider a larger set of dominating flows. Let @ = mingcs e ax denote
the second smallest value among all a’s when SY is not empty. For S; = {k € Z|ay = a2,1 < k < n},
we consider all flows in the set S; U S, and derive

m(z) ~ Z sO (Crv) VAT (1 - 1))z + Z s© (crve) V2T (1 - 1/ap)z " .
keS; keS,

The inverse function of m(z) can be better approximated by
m(z) ~ 2 /()/1 + YZ(Z/Yl)gl/arl)al , (32)

where y, = T'(1 - 1/a3) Yes, s®) (cpve)® and Y1 is defined in (30). We obtain more accurate
numerical results for miss probabilities using (32) instead of (31) especially when the cache size
is small, though the expressions in (31) and (32) are asymptotically equivalent. Experiments 2 in
Section 5 validates this approximation. Alternatively, we also resort to numerical methods (e.g.,
binary search) to directly evaluate m“ (z) from m(z) for more complex cases.

3.3 Connection to the characteristic time approximation

The miss probability of LRU algorithm has been extensively studied using the characteristic time
approximation [28, 38]. Now we show that the characteristic time approximation is asymptotically
accurate under certain conditions. A similar result has been proved for a fluid limit and for Zipf’s
law with @ > 1 in [56] and a mathematical explanation has been provided in [46]; also see a validity
argument in [82]. For multiple flows, the overall miss probability computed by the characteristic
time approximation is

- _p®
PCT[CO > x|l = k] = quk)e Pi T, (33)
i=1

where T is the unique solution to 337, s;(1 — e ?iT) = x. Notably, applying Lemma 3.4, we have
T ~m“(x),as x —> oo,

THEOREM 3.6. Under the conditions of Theorem 3.1, we have, as x — oo,

T+ pr)

PCT[CO > X|IO = k] ~ P[CO > xllo = k] ~ m

(34)

The proof of Theorem 3.6 is presented in Section 7.4.

Theorem 3.6 shows that the miss ratios in (33) and Theorem 3.1 are asymptotically equal. Note
that the characteristic time approximation does not fully exploit tail properties of popularity
distributions. By introducing a functional relationship @i (:), Theorem 3.1 explicitly characterizes
the asymptotic miss ratios based on the popularity distributions of multiple competing flows. This
explicit form reduces the computation cost incurred by the long summation in (33).

4 POOLING AND SEPARATION

We first characterize the self-organizing behavior of LRU caching for multiple flows in Section 4.1.
Then, we study how the interactions of competing flows impact the individual ones in Section 4.2.
The consequences of overlapped data items across different flows are investigated in Section 4.3.
Based on the insights, we discuss engineering implications in Section 4.4.
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A pooling scheme serves the M request flows jointly using the cache space of size x. A separation
scheme divides the cache space x into M parts according to fractions {u}; <k < Zﬁle ur =1, and
allocates uix to flow k.

4.1 Self-organizing behavior of pooling

Based on the asymptotic miss ratios derived in Theorem 3.1, we show that, when multiple flows
have similar distributions and identical data item sizes, resource pooling asymptotically gives the
best overall hit ratio achieved by the optimal separation scheme. Otherwise, the optimal separation
scheme results in a better overall miss ratio. Note that the optimal separation scheme is static while
the pooling scheme is adaptive without any parameter tuning or optimization. This explains why
pooling is better in Fig. 3. Let P5[Cy > x] and P,[Cy > x] denote the overall miss probabilities

under the optimal separation {u; } and under resource pooling, respectively.

THEOREM 4.1. For M flows without overlapped data, following P [RO = d)(ck)‘lo = k] ~ c[x%k

(k)

ar > 1,1 < k < M and the data items of flow k having the same sizes; ' = =55, we have

1im By[Cy > x]/BY[Co > x] 2 1. (35)
and the equality holds if and only if sV = s@ = ... = s,

This result explains the simulation in Fig.4 when data item sizes are different. In practice, data
item sizes vary, and they can be considered approximately equal if within the same range, as used by
slabs of Memcached [9, 69]. Note that Theorem 4.1 only characterizes an asymptotic result. When
the cache size is not large enough and «ay’s are different, resource pooling can be worse than the
optimal separation, as studied in [29]. As commented after Corollary 3.5, a better approximation for
small cache sizes is to use Theorem 3.1 by numerically evaluating m“ (x). Theorem 4.1 also shows
that when data item sizes vary significantly, resource pooling could be worse than separation, as
illustrated in Fig. 4.

Proor. First, we assume o = a,1 < k < M. To characterize resource separation, by Theorem 3.1,
we obtain

M o (k) a-1
Iri-1/a s
Ps[Co > x] ZP Iy = k]JPs[Co > upx|ly = k] ~ Z vkckM(—) (36)
= a Upx
Since the optimal separation method u* = (uf, u3, - - - , u; ) minimizes the overall asymptotic miss

probability, we have

y -1
. T 1) (s“‘) )“
minimize Z Ve ——————— | —
a Upx
k=1
M
subject to Z ur = 1L,ur > 0.
k=1

The solution of this convex optimization problem satisfies the KKT conditions, and therefore, for
Vi,jwith1 <i,j <M,

i -1 * j -1 *
cvi(sN ™ /ur® = ¢jv(sV)” [u;®,
resulting in
)M ()

. (crxvi
o =

= k=1,2,--- M. 37
k Af (C V)l/a(s(l))l 1/a’ ( )
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From (36) and (37), we obtain

i 4
” I'(1-1/a) 1-1/a
BJ[Co > x] ~ ——5 (Z (cxvie) ' (s) ) : (38)
k=
To study resource pooling, we obtain, by Corollary 3.5,
M
P,[Co > x] = ZP[IO = k]P,[Co > x|Ip = k]
k=1
y Sy a—1
i ra-1/a)” (Z?i1 (ci"i)l/as(l)> ot/
~ >
o k a Vkl—l/a xa-1
M M a-1
r(1-1/a)” ,1 o
T axel kZ (cxvi)" Z; (cv)os@ )
=1 i=

which, using (38) and Holder’s inequality, proves (35). The equality holds if and only if sV = s?) =
— ()
cee= S
Now, if ax’s are not identical, let & = minj<x<, o and S; = {k € Z|ax = 1,1 < k < n}. By
Corollary 3.5, we have, for resource pooling,

M
P,[Cy > x] = ZP[IO = k]P,[Co > xIIp = k] ~ Z P(I = k]P,[Co > xIIy = k].
k=1 keS;

For separation, by (18), we have, as x — oo,

T(1 = 1/a) (58|
Ps[Co > ux|ly = k] ~ ckM (s_) .
(2473 Ux

Thus, the overall miss probability is

M
By[Co > x] = ) | Pl = KIPs[Co > wexlly = k] ~ ) Ply = kIB,[Co > ugxlly = k]
k=1 keS)1
I(1-1/ag)* (s% @
~ Z Vka—O{ ﬂ .
keS, k k
Thus, the same arguments for the case oy = « can be repeated to prove (35) in this case. O

4.2 Impacts on individual flows

When the QoS (quality-of-service) of individual flows is important, we need to guarantee the miss
ratio of each flow. The following theorem shows that, for each flow, cache pooling asymptotically
achieves the same miss ratio as the optimal separation under certain conditions. Interestingly, the
miss ratios of multiple competing flows decrease according to ¢, Va ,1/ *~! 1 < k < M when sharing
the same cache.

COROLLARY 4.2. For M flows under the conditions of Theorem 4.1 with s() = s® = ... = s(M) gng
ar = o, we have

lim P,[Cy > x|Iy = k]/P5[Co > up x|l = k] = 1.

X—00
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Furthermore, the miss ratios of any two flows i, j satisfy

PG> xll=i] . PGy > uxlp=i] /v
lim — = lim — - = = -
x—»DOPp[C() > x|l =j] xow PS[CO > ujx|IO =] cj/flvj/ll—

The proof of this corollary is based on the same arguments in the proof of Theorem 4.1. This result
quantifies the empirical observation [9] that mixing multiple flows benefits the ones with large
arrival rates at the expense of the others with small arrival rates. It also shows that the popularity
distributions need to be considered if ¢; # c;. Therefore, if arrival rates differ significantly, mixing
flows requires extra caution. Simulations for validating Corollary 4.2 is in Section 5.

4.3 Overlapped data items

In this section, we show that when overlapped data items exceed certain levels, resource pooling
can even improve the performance of every flow. Since overlapped data items across more than
two flows are complicated, we only consider two flows with unit-sized data items. Notably, there
always exists a good region of parameters such that the miss probabilities of both flows under
pooling are better than under separation; see Experiment 3 in Section 5.

Since the requested data items can overlap (see Fig. 5), we introduce 3 disjoint classes of data items,

A, B and D for the two flows. Flow 1 and 2 request data items from class A = {dEA), i=1,2,---}and

class B = {ng),i =1,2,---}, respectively. Class D = {dED),i =1,2,---} represents the common
data items that are requested by both flow 1 and 2. We use J,, = A, J, = B, J, = D to indicate that the

request n is for class A, Band D, respectively. LetP[J, = A |, = 1] = pg),]P U.=D|L,=1]= pg)

withpf;) +pg) =1l,andP[J, =B | I, = 2] :pg),PUn =D|I,=2] :pg) withpg) +pg) =1
Class A and B have P [RO = d,(CA)IIO =1,J = A] ~ca/x* P[Ry = d,(CB)IIO =2,Jo= B] ~ cg/x%. For

class D, we assume that P [RO = d;D)IIO =k, Jo= D] ~cp/x% k=1,2.

An optimal separation scheme has been proposed in [34] to serve classes A, B, D in three iso-
lated parts of the whole cache space. Since the three classes do not have overlapped data items,
Theorem 4.1 implies that the optimal separation is asymptotically equivalent to pooling. However,
this isolation scheme requires a lot of tracking information, and is difficult to implement in practice.
We consider a practical constraint that a flow is the smallest unit that cannot be further divided
into sub-flows. In this case, the optimal separation is not always the best. In fact, it can be worse
than resource pooling if enough data overlap is present.

For a static separation u = (uj,u), define a good region G, for positive parameters P =

(Vl, Va,CA, cB,pS),pg),pg), pg)), which satisfy, for py, = pg)vl + pg)vz > 0,
a-1

( A (1) l/a)"‘ (1 )
cap + \¢pp 1/a,(1)
(1/2 - ) < lj/tf ) 1/a\ 21 > Up (CApﬁl/)a CD* :51;
()™ + o)™+ ()] R

with another symmetric constraint that replaces us, ca, cp, pg), pg) , pg) in (39) with uy, ¢, ca, pg),

ps), pg), respectively. The following corollary shows that when the parameters satisfy P € G,,, both
flows have smaller miss ratios by resource pooling than by the static separation u. Remarkably, the
parameters in P for the optimal static separation u* that minimizes the overall miss ratio (defined
in Section 4.1) are always in the good region G,~, although this region is defined to study the miss

ratios of individual flows.

. (39
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COROLLARY 4.3. For any positive u = (u1, uy), if P € G, and is strictly positive, then we have, for
k=12,
lim Pp[CO > Xl[() = k]/PS[CO > lexuo = k] < 1.

X—00

Furthermore, ifu = u*, then we always have P € Gy».

The proof is a straightforward computation based on Theorem 3.1. This corollary also implies
that G, is always nonempty. We use simulations to validate Corollary 4.3 in Section 5.

4.4 Engineering Implications

Whether resource pooling or separation should be used for LRU caching is complicated and has no
straight yes or no answers, depending on four critical factors: the popularity distributions, request
rates, data item sizes and overlapped data across different flows. This problem becomes even more
complicated due to engineering issues. However, there are still guidelines to improve the hit ratios.

Our analysis shows that for large cache spaces it is beneficial to jointly serve multiple flows if
their data item sizes and popularity distributions are similar and their arrival rates do not differ
significantly. Although the optimal static resource separation scheme has been shown to always
theoretically achieve the best performance under certain assumptions [34], in practice the number
of separate clusters deployed in service, e.g., Memcached clusters, is relatively small [9]. This may
be partially attributed to the self-organizing behavior of LRU for resource pooling. As shown in
Theorem 4.1, resource pooling can adaptively achieve the optimal resource allocation for multiple
competing flows asymptotically when the data item sizes are equal. In practice two data items
can be considered to have an approximately equal size if within the same range. This property is
especially beneficial when the request statistics, including the distributions and rates, are time-
varying. Nevertheless, we also point that, due to the impact of competing flows, careful separation
could be necessary if we want to guarantee the miss ratios of individual flows for certain QoS
requirements.

The current practice uses applications and domains to separate flows of requests into different
cache spaces [9, 69]. One possible explanation is that the data item sizes, e.g., text and image
objects, and request rates are quite different. This also suggests that there is still room for possible
improvement. A more careful strategy based on the quantitative characterization may lead to optimal
or near-optimal performance. For example, our analysis shows that distributions are important in
determining the miss ratios. Thus, it appears to be beneficial if the statistics of different flows can
be further exploited in practice.

5 EXPERIMENTS

We implement an LRU simulator using C++ and conduct extensive simulation experiments. First,
we verify Theorem 3.1 for data items of varying sizes with distributions beyond Zipf’s distributions.
Next, we study the interactions among multiple competing flows on the same cache space. Last, we
investigate the impact of overlapped data items across flows by verifying Corollaries 4.2 and 4.3.
The numerical results based on analyses match accurately with the simulation experiments, even
for small cache sizes and finitely many data items.

Experiment 1. Consider 3 flows of data item requests that share a single cache space. The
varying data item sizes take different values that are also correlated with the popularity distri-
butions. Set qgk) = 0.1, and qgk) = cilogi/i% for2 < i < N = 10°, 1 < k < 3, which are
beyond Zipf’s distributions. Set [a, @z, 3] = [2.0,2.2,2.4], [v1, v, v3] = [0.2,0.3,0.5]. Then,
a = (1-¢")/(EN,logi)i™) = 0.9601, ¢; = (1 - ¢'?)/(ZN,(logi)i @) = 1.4193, ¢; =
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(1- q?))/(Zﬁ\iZ(log 0)i™™) = 1.9910. Let dgk) denote the i’th data item of flow k with size sgk),

1<k <3,1<i<10° Based on the empirical distribution [9], the data sizes for each flow are
independently drawn from a generalized Pareto distribution with parameters & = 0.1,y = 1,0 = 50.
To be correlated with the popularity distribution qgk), these data sizes are sorted in a way that sgk),
1 < k < 3 are non-decreasing with respect to i. Note that qgk), 1 < k < 3 are decreasing with respect
to i. Theoretical miss probabilities are approximated by Theorem 3.1, where m (x) is evaluated by
a binary search based on (6). The empirical miss probabilities and their theoretical approximations
are plotted in Fig. 6. The good match validates Theorem 3.1 even when the popularities are beyond
Zipf’s distributions (~ log i/i“*) and also correlated with the data sizes.

0.035 T T T
O flow 1 (empirical)
0.03f —flow 1 (theoretical)|]
O flow 2 (empirical)
>
= 0.0254 - - flow 2 (theoretical)| |
2 0.021 * flow 3 (empirical) | |
g - -—flow 3 (theoretical)
Q2.0.015F
%) 1)
R b--__
S 001F Tveeeoill |
RCEEE O e
0.005 = mmrmrmee e 7
e A H e *
0 . ) )
1500 2000 2500 3000 3500
Cache size

Fig. 6. Flows beyond Zipf’s distributions with varying data sizes

Experiment 2. This experiment compares the miss ratios when a flow is served exclusively
in a dedicated cache and when it shares the same cache with other flows. We show how one
flow is impacted by other competing flows, through validating Corollary 3.5. Consider 10 flows
without overlapped data items. Let v = 0.1 and dgk), i=1,2,3,--- be the data items of flow k for
1 < k < 10. Data popularities of each flow are assumed to follow a Zipf’s law, i.e. P[Ry = dfk) I =
k] ~ cr/i%,1 < k < 10. Let Ni be the number of data items of flow k. Set ¢; = 2.5,1 < i < 5,
aj = 1.5,6 < j < 10, and Ni = 10%1 < k < 10, and therefore, ¢; = (ij;l x~M)71 = 0.7454,
cj = (ZxNil x~%)~! = 0.3831. Note that we use the enhanced approximation (32), instead of (31), to
compute m* (x) when the cache size x is relatively small. The theoretical and empirical results for

10° ! ; ! ; ! ; ! !
2
F
_(OJ O flow 1 (pooling, empirical) * flow 6 (pooling, empirical)
s | flow 1 (pooling,theoretical) —flow 6 (pooling, theoretical)
" M A flow 1 (separation, empirical) O flow 6 (separation, empirical)
§ 1074F =~ - flow 1 (separation, theoretical) --—-flow 6 (separation, theoretical) |
- .
LA
- = > -4
10® L L L L L L L L
200 400 600 800 1000 1200 1400 1600 1800 2000
Cache size

Fig. 7. Impacts among 10 flows

the miss probabilities are plotted in Fig. 7 when changing the cache capacity from 200 to 2000. Since
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flows 1 — 5 (respectively flows 6 — 10) have the same popularity distribution and the same miss
ratio, we only plot flow 1 (respectively flow 6). It can be observed that the empirical results match
with the numerical results even when the cache size is relatively small. In this case, flow 1 has a
miss probability tail that decays on the order of 1/x*-%, as shown by the curve with a label flow 1
(pooling, empirical). However, if flow 1 is served without others, as shown by the curve with a label
flow 1 (separation, empirical), its probability tail only decays on the order of 1/x!->. Therefore, in
this case it is much worse for flow 1 (respectively flows 2 — 5) to share with others than to be served
exclusively. On the other hand, flow 6 (respectively flows 7 — 10) is not significantly impacted when
served together with other flows, since @ < @;,1 <i < 5.

Experiment 3. To address overlapped common data items, we simulate 2 flows with 3 classes of
data A, B, D defined in Section 4.3, and use the same notation introduced therein. Let Ns, Ng, Np
be the numbers of data items of class A, B and D, respectively. Set cache size x = 1000, Ny =

-1
Ng = Np = 10% a4 = ag = ap = 1.7,¢4 = cg = ¢p = (Zf\iﬂ i_“A) = 0.4868. First, we

2.5 0.95_~ 0.035 -
¥ empirical = * flow 1 (pooling)
—theoretical g 0.03 O flow 1 (optimal separation)
2 optimal separation @0.8 = ) —flow 1 (theoretical)
fraction g2 + flow 2 (pooling)
6} o= 50.02 { flow 2 (optimal separation)| &
_15 o 0.65 5 g flow 2 (theoretical)
2 15 '(‘E; o 0.02 &
T 05 § o e
© o £0.015
O] = = P &
©
0.5 & 60'35§ 0.01% oy
jo
o 02 ©  0.005
0.1 0.3 0.5 0.7 0.9 0.1 0.3 0.5 0.7 0.9
v, v,
(a) Without overlapped data (Corollary 4.2)
0.03 T T T T T T T
* * flow1 (pooling, empirical)
A --—flow1 (pooling, theoretical)
- |~ flow1 (separation, theoretical)
£0.025}+ O flow2 (pooling, empirical)
% \ —flow2 (pooling, theoretical)
_8 *\_\ - - flow2 (separation, theoretical)
& | -
@ 0.02f *e |
s e
ootsf o ‘ i
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Yy
(b) With overlapped data (Corollary 4.3)
Fig. 8. Two flows sharing a server
: a _ @ _ :
assume these two flows have no overlapped data (ie., p;,” = p)’ = 0). In Fig. 8(a), we plot

p(v) & Pi[Co > wix|ly = 1]/P;[Co > upx|ly = 2] and the miss ratios for both flows under
resource pooling and the optimal separation to validate Corollary 4.2. The simulations match with
the theoretical results. Then, we assume these two flows have 20% overlapped data items (i.e.,
pg) = pg) = 0.2). In Fig. 8(b), we plot the miss ratios under resource pooling and under a static
separation (uy, uz) = (0.55,0.45). It can be observed that in the shaded area v, € (0.40,0.75), which
is exactly the good region calculated by Corollary 4.3, both flows have lower miss ratios under

resource pooling than under the static separation. This result validates Corollary 4.3. In presence
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of overlapped data, there exists a good region where both flows have better hit ratios by pooling.
However, when the arrival rates of these two flows are very different, i.e., v; < 0.4 or v; > 0.75, the
flow with a lower arrival rate will be negatively impacted.

6 CONCLUSION

When designing a caching system shared by multiple request flows, should we use resource pooling
or separation for better hit ratios? This paper develops a theoretical framework to answer this
fundamental question. Roughly speaking, for flows with similar request distributions and data
item sizes, with close arrival rates, and/or with enough overlapped data items, it is beneficial to
jointly serve them by combining their allocated cache spaces together. However, for flows with
disparate request distributions, i.e., probability tails decaying at different rates, or with clearly
different arrival rates, isolating the cache spaces provides a guarantee for the hit ratios of individual
flows. Otherwise, some of the flows could be negatively impacted, even severely penalized. Our
results provide useful insights that can be exploited to potentially further improve the hit ratios of
caching systems.

7 PROOFS

This section contains the details of the proofs.

7.1 Proof of Lemma 3.4
Without loss of generality, we assume that (q( )) is a non-increasing sequence in i for each fixed k.

We begin with g(x) = m(x). First, using the inequality (1 - qgk))z < exp(—qgk)z), we obtain

m® (z) > Zs k) — exp q(k)z)) = m®(z). (40)
i=0

—(148)x

Next, for any 0 < § < 1, there exists xs > 0 suchthat1 —x > e ,0 < x < x5. Thus, selecting

is with qEI;) < x5, we have

(k) () < (Z Z) (k) 1 - qgk <isS+ Z 1 — exp -1+ 5)q§k)z))

= 1>1s i>is
<iss+mP((1+ 8)z), (41)
where the second last inequality uses sgk) < 5. Using (40), (41) and limy o m® ((1 + 8)x)/m® (x)

— lasd — 0, we prove (28).
Based on the representation of (p;’, i> 1) in (27), we have

z):iisk) 1- 1—qu(k))) (42)

k=1 i=1

Using the same arguments as in (40) and (41), we can prove

00

rh(k)(vkz) ~ ngk) (1 ( qugk)) ) (43)

i=1

Using (42), (43) and applying (28), we finish the proof of (29) when g(x) = m(x). Slightly modifying
the preceding arguments can prove (29) when g(x) = m(x).
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7.2 Proof of Theorem 3.1

In order to prove Theorem 3.1, we need to establish a lemma.
LEMMA 7.1. Fore(x) = €d(x) as in (13) and § = sup; s; < oo, we obtain
P [M(m*(x)) > (1 + e(x))x] < e (€CN*x/s5, (44)

Proor. Define a Bernoulli random variable X;, and let X; = 1 to indicate that item d; has been
requested in R_1,R_5,- - ,R_,, and X; = 0 otherwise. By Markov’s inequality, for 6 > 0, we obtain
using P[X; = 1] = p;(n), E[e?X1] = p;i(n)e®' + 1 - pi(n) = pi(n) (ees,- - 1) +1 < epim(e®-1)
and independence of X;’s,

]

P[M(n) 2 (1 +e(m(n)))m(n)] < E [/ 2 s:Xe] [eretmm)Omm
< exp (Zpi(n) (¢? = 1) = 6(1 + e(m(n))) prn)s,-).

Using e* — 1 < (1+ &)x,0 < x < 2£/ef,& > 0, for § = e(m(n))/(25), we obtain, e’ — 1 <
(1 + e(m(n))/2)0s;. Therefore,

P[M(n) 2 (1 + e(m(n)))m(n)] < exp (— i Mpi(n)si),

which, by 32, pi(n)s; = m(n), yields
P[M(n) 2 (1+ €(m(n)))m(n)] < ¢~ (@ mss,
implying (44) by replacing x = m(n). Using the same approach, we can prove

P [M(m* (x)) < (1 — e(x))x] < e (€CxD*x/45, (45)

Next we prove Theorem 3.1.

Proor. In the intuitive proof of Section 2, we have derived
P[Cy > x|l = k] =P[o > M™ (x)|Ip = k]. (46)
The whole proof consists of two steps. The first step is to show
Plo > n|ly = k] ~ T(fr + 1)/Pk(n), (47)

for fr > 0 and Sy = 0, respectively. The second step is to relate M (x) to m“ (x) as x — oo.
Step 1. First, we consider fx > 0. Assume that @y (x) is eventually absolutely continuous and
strictly monotone, since, by Proposition 1.5.8 of [20], we can construct such a function

D (x) = Pr fx i (s)s~ ds, x > xq, (48)

which, for x, large enough, satisfies, as y — oo,

(Z ) <o (7)) ~ o1 ((67)”)
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Therefore, there exists xo such that for all x > xo, ®x(x) has an inverse function &, (x). The
condition (4) implies that, for 0 < €; < 1, there exists i, such that for i > i,
-1

-1
(t-e) (Z q;.k>) <o (o)) <0+ el>(z q;.k>) , @
j=i J=i

and thus, by choosing i, such that l/pgk) > X, we obtain

ool rspofie]) o

First, we will prove an upper bound for (47). Combining (8) and (50) yields, using (1 —p)" < e™"P,

Plo > nll =k (Z Z ) ® (1 - p)"

i= 151+1
k k) —
< (1-p)"+ ST e 2, (51)
i= l€1+l
For0 < ¢ < p(k) integer n large enough, and any nonnegative integer [ < |logne;], we can

find i; such that pl(kzl <el/n< pl(.lk) < €;. Choose an integer m with 0 < m < |log nez]. We have

io > im > i|logne,] > ey and

i\_lognezj_l im )
(k) —np®
w5 8 S e

iig +1 i:iUog,,Ezj iziyt1
(k)
coma St $ e 5 e
J=ip+1 J=im+1
A
= I + Iy + 3. (52)

j=im+1 (Qj - Qj+1) o1 (+eNQ;!) g Q=224 ®)_Since e/ ((+e)u™) >
e (49 for vy € (Q;41,0)), we have

Qim _ ) €1 1+¢€ e 1+e€
Is < e~/ P ((reu™) gy, < f d (—1) +f e *d (—1) .
“ fo o \e(n/z)) " Jg @ (n/2)

By Theorem 1.2.1 of [20] and (48), we obtain,

We have I3 = X%

m

e
I3®i(n) S (1+€1)e Bie 4 f (1+ ;) fre 2P dz. (53)
€1
For I3, using the same approach, we obtain
Lat(n) S (14 e (¢51) < o, (54)
k=m

Combining (53) and (54), and then passing €; — 0 and m — oo, we obtain, using I; = o(1/®x(n)) in

(51),
Plo > n|ly = k]®r(n) < f ﬁkefzzﬂ’fldz =T(fr +1). (55)
0
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Now, we prove the lower bound for (47). By condition (5) we can choose i, large enough such
that, for all i > i.,,

(k)

D> (1-e)g) (56)
Using (8), (50) and the monotonicity of ®,"(-), we obtain
Blosnli=k2 3 ¢ (1-p)"
i=ig +1
>(1-¢) AQ;i|1- —
iQL ( @;«v+0@»ﬂ)

Qie, n

> (l—el)f (1-1/og (1 -e)u™))" du. (57)
0

where AQ; = Qi_1 — Q; = q(k) For W > 0, choosing i, > i with ®;” ((1 - €1)Q;,) = n/W and
letting z = n/®;" ((1 —e)u” 1), we obtain,

Qi 1 "
Plo > nlly = k]®k(n) = (1 - el)@k(”)f ( m) au
k

2(1_61)L (1—2)%(%). (58)

From (58), by using the same approach as in deriving (53), we obtain, as n — oo,

w
Plo > nllo = o) 2 (1-e) [ (1= e)fiee "

which, passing W — oo and ¢; — 0, yields

Plo > n|ly = k]®r(n) 2 f‘” Bre ?2Pldz = T(Br + 1). (59)
0

Combining (55) and (59) completes the proof of (47).
Up to now, we have proved (47) for fr > 0. Using a similar approach, we can prove (47) for
P = 0. For fr = 0, we need to prove

P [cr > |l = k] ~ 1/®k(n). (60)

Recall that there exists x; such that ®y (x) is strictly increasing for x > x,. For any positive integer
n, we can find €5 € (0, 1) with n/e; > xo. Because of the monotonicity of p;k), there exists an index
i¢, such that pgi) > e3/n and pl(.k) < eg/nfor all i > i.,. By choosing €3 sufficiently small such that
i, > i¢,, we can derive the lower bound for the miss probability

Plo > nlly =k| = Zq(k) (1__) Z ey

i= 163+1
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Using (49) and (56), we obtain

plo>nto=i]= (1-2) u-e St = (1 2] @k((l(;ﬁgiz—l)
_ﬁ)"(l—el)2
e (2)

[\
—_—
—

implying
@y (n)

o (2)

P[a > nl|l = k] ®r(n) = (1— —) (1-€)?

By passing n — oo and €7, €3 — 0, we obtain

lim P [0 > nlly = k| @ (n) 2 1. (61)

n—oo

Next, we prove the upper bound. The miss ratio can be bounded as

P[wnuo:k]:( S s Z) ® (1~ p0)"
i=i¢ +1 i=1
< Z g Ve 1 (1-p0)" (62)
i= l€1+1

where the second inequality uses the monotonicity of pgk) and 1-x < e ™ . Using a similar approach
as in (52), we can upper bound (62) by

illogney|—1 im 0o
P [O‘ > n|IO — k] < ( LI gziJ . ’Z: . Z )qgk)e—npgk) N (1 —pgi))n

iSig+1  i=ijlogne, i=im+l

cra St 3 e 3 (-l

J=ip+1 i=i,+1

1+¢€p) 1+e
ey, N el (At E) 1 ( <k>)
€ Z (I)k n/e“’l) q)k(n/em) plel ’

IA

IA

which implies

(1+€1(I)k 1+€1(I)k()
P L=k|o 1). 63
[0 > nlly = k| @k (n) < ~—"—= o™ +1§ e ey oW (63)
Passing €; — 0, n — oo and then m — oo in (63) yields
lim P [o > n|l = k] Qi (n) < 1. (64)
n—oo

Combining (61) and (64) finishes the proof of (60).
Up to now, we have proved (47) for S > 0 and S = 0. Next, we use the concentration bounds (44)
and (45) for M(x) in Lemma 7.1 to characterize M (x).
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Step 2. For x; = m~(x/(1 + €(x))), we obtain, by (44),
P[M™(x) < x1] < P[M(m (x/(1 + e(x)))) > x]

B - x (1+e(x))x
= (75)) = (55 3

Recalling h; and h; defined in (14) and noting §(x) < 1, we have, for x > x¢, €(x) > hie (x/(1 + €(x))),
which, in conjunction with (65) and using (44), implies that P[M“ (x) < x1] is upper bounded by

P [M (x1) > (1 + he (1 +’;(x) )) (1 +’;(X))] < exp (—(hie(x/(1 + €(x))))*x/ (45(1 + €(x))))
R e(x)?
< exp ( W ﬁ) . (66)
Thus, by (46), (47), (44) and (66), we obtain
P[Cy > x] £ P[o > M (x), M™ (x) = x1] + P[M“ (x) < x1]
<Plo > m™ (x/(1+e(x)))] + PIMT (x) < x1]
T(Be +1) +exp (_h_f (_g(x)zx ) .
~ O (m(x/(1+ e(x)))) h% 45(1 +€)

Using limy oo log (m* (x)) /(6%(x)x) = 0 and (13), we obtain, recalling e(x) = €5(x) and passing
€ —0,

1+ pk)
Dy (m<(x))

Let x, = m“ (x/(1 — €(x))). We obtain
P[Cy > x] = Plo > M (x), M~ (x) < x2] - P[M“ (x) > x2],

P[Cy > x] < +0(1/® (M~ (x))). (67)

which, by similar arguments as in proving (67), yields

I'(1+ fx) .
B () 0 (1/®@ (m™(x))) . (68)

Combining (67) and (68) finishes the proof. O

P[Co > .X'] >

7.3 Proof of Corollary 3.2

Consider pfck) ~ I(x)/x* with [(x) being a slowly varying function. According to Proposition 1.5.10
of [20], we have

P[Ry > x] = Zp(k) f%dx~L. (69)

_ 1
= (¢ —1)x*

Using Lemma 3.4, we obtain

B Cex L)z B © Cex 0z .
-G feen ) e

Since [(x)x™% ~ «a fxoo I(t)t~*~1dt (Proposition 1.5.10 of [20]), for any € > 0, there exists x > 0,
such that for all x > x,,

1—e)af IO <Il(x)x™® < (1+€)a f 1)t~ dt. (70)
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Therefore, m(z) can be upper bounded by

m(z) < flxe (1 — exp (_l(;czz)) dx + f‘” (1 — exp (—(1 + e)otzj‘m l(t)t_“_ldt)) dx.

Define f(x) = « f:’ I(t)t~*"1dt. We obtain

m(z) < xe + f (1 - e_(1+€)zf(x)) dx
Xe

© f de- ()2 ()
Xe xe

_ xe—(1+e)zf(xe) " f xde—(1+€)zf(x) A L +L. (71)
Xe

=Xe+X (1 - e_(”e)zf("))

For y = f(x), we have

00 f(xe)
I = f xe” PO (—(1 + €)zf" (x))dx = f (1+ezf(ye *¥dy,  (72)
X, 0

€

where < is the inverse function of f. Let g(x) = 1/x, h(x) = g° f(x), and [;(x) = I(x)™V* We
have h(x) ~ x%;%(x). By Proposition 1.5.15 of [20], we obtain the asymptotic inverse of A,

R (x) ~ x o1 (1 @),
Recall 1,41 (x) 2 L(x/l,(x)),n = 1,2,... and L,(x) ~ l,41(x) as x — oo for some n > 2. Using
Proposition 2.3.5 of [20], we have If ~ 1/I,,(x). Therefore,
R (x) ~ xM %1, (x%).
Since h = g o f, we have
h™(x) = f7 (g7 (x) = f~(1/x).

implying, as x — 0,

[T =h"(1/x) ~

xl/aln(x—l/a)‘
For y = f(x¢) small enough, we have

1-¢€ - 1+e€
y/ el (y=1 ) S < yl el (y=t/ )’

Combining (72) and (73) yields

) f(xe) e %Y J ) oo %Y J
L <(1+ —  dy<(1+ S —
z<(1+e) zfo g/l (e Y (+e) zfo gl (y1/e) Y

Using Theorem 1.7.1" of [20], we obtain, as z — oo,

” —e—zy 1/a 1/«
Zﬁ yl/aln(yfl/a)dy ~T(A-1/a)z " [In(z7), (74)

(73)

implying
L < (1+€)’T(1—-1/a)z"*/1,(z!/%).
Therefore, using (71), we have, for z large enough,

m(z) <(1+€)°T(1 = 1/a) 2% /1, (%) + x 1+ o) (75)
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Next, we prove a lower bound for m(z). Recalling (70) and using a similar approach as in (71),

we have
m(z) > f " (1- e 095 @) gy = x (1 - " 0-OF @) 4 f " vde-(1-92(x)
~ Xe
Xe Xe

f(xe) o0 o
> j; (1- e)zf*(y)e_(l—e)zydy - (I} _ff(xe)) (1- G)th(y)e_(l_e)zydy

> f (1-€)zf (y)e 179 dy — x e (1702 (xe),
0

Using (73) and (74), we obtain

(xe) -
Qe [yt
0 yl/“ln(y_l/“)

> (1-€)°T(1 = 1/a)z" % /1,(z"%) — xce~ 172 (xe), (76)

m(z) 2

~

Combining (75) and (76), and passing z — co and then € — 0, we obtain
m(z) ~T(1—1/a)z"/%/1,(z"/%). (77)
Define
_ a—1
F(z) = %

Ir'1-1/a)""1l(z)
Now, we show F(z) ~ ®;(m“(z)) as z — co, which is equivalent to F(m(x%*/l(x))) ~ ®(x*/I(x))
as x — co. Using (77), we obtain

a B a—1 m(x®/1(x))*! _(a- Dx 1 (x)* 7! (F(l - 1/a)xll(x))
Fm G O = F e 116 ™ (el ()™ / ARREAE)
B (a0 — 1)x* Le(x)* ! (78)

I(xc(x)) ’

where c(x) = [ (x) /1, (x[1(x)).
Recall I, (y) ~ lh+1(y) = Li(y/l.(y)),y — oo. For y = xl;(x), by Proposition 1.5.15 of [20], we
obtain

x ~yli(y) ~ y/la(y),

which implies
In(x11(x)) = In(y) ~ Li(y/In(y)) ~ L (x).

Therefore, we obtain

. T L (x) _
xll_I)l:)lO C(X) = xlgl’olo m =1. (79)

Combining (4), (78) and (79) yields
(x*/1(x)) ~ F(m(x*/1(x))),
which implies
(a —1)z%7!

(Dk(m*(z)) ~ F(Z) = m, asz — oo,
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Therefore, by Theorem 3.1, we obtain, as x — oo,

_T@-1/ara- 1/a)* ! I(x)

P[Cy > . 80
[Co > x] . o0 (50)
Combining (69) and (80) finishes the proof.
7.4 Proof of Theorem 3.6
The characteristic time approximation gives, for a LRU cache of size x,

N (k) )

PerlCo > xllh =k = ) qiPe? T, (81)
i=1

where T is the unique solution to )2, (1 - e PiT) = x. Using (8), (47) and e™¥ < 1 — y, we derive a
lower bound of (81),

Per[Co > x|y = k] > iqgk) (1 _pgk))T
i=1

TG+ 1)
O (T)

Next, we derive an upper bound. Using a similar approach that proves an upper bound for P[o >
n|ly = k] in the proof of Theorem 3.1, we have, for ¢; is defined in (50),

“ (x) - )
quk)e—pi T, Z qgk)e_pi T
im1

=Plo > Tl = k] (82)

Per[Co > x|y = k]

i=ic, +1
<Pl i g P01 < F(p+1) (3)
B T o D(T)
1=161+1
Combining (82) and (83) yields, as x — oo,
I'(fr +1)
Per[Co > x|lp = k] ~ (‘f/fT (84)

By Lemma 3.4, we have T ~ m (x), which implies (81), by using the fact lim,_, o, x%* [} (x)/®k (x) =
1 and (84).
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